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This paper proves that if a graph G has a stable cutset S such that no vertex of S 
lies on a hole, then G is k-colorable if and only if the G, US are k-colorable, where 
Gi are the components of G - S and a hole is a chordless odd-length (>5) circuit. 
This result shows that critical hole-free perfect graphs cannot contain stable cutsets. 
i. I~TR00ucT10~ 
All graphs G = (V, A) in this paper will consist of a finite vertex set I’ and 
a symmetric irreflexive binary adjacency relation A. The neighborhood of x 
is defined N(x) = { y E V: xAy}. A subgraph G’ = (V’, A ‘) of G will consist 
of a restriction of A to a subset V’ of V. Given a path P and distinct vertices 
x, y on P, let (x, P, y) denote the segment of P going from x to y. If S is a 
cutset of G with components G;, G;,..., G;, then we call the subgraphs G, 
induced by Gi LJ S leaues of G with respect to S. If S is a stable cutset with 
two associated leaves G,, G, and x E S, then the operation of splitting x 
replaces x in G by two nonadjacent vertices x,, x2 such that N(Xi) = 
N(x)nG,, for i= 1, 2. 
One of the simplest theorems about graph coloring is: if G is a graph with 
a clique S that is a cutset of G breaking G - S into components Gi, 
Gi,..., GA, then G is k-colorable if and only if the leaves Gi with respect to S 
are k-colorable. Once the Gi are k-colored, one can identify corresponding 
colors at the vertices of S to obtain a k-coloring of G. In this paper we prove 
the corresponding result for cutsets that are stable sets (mutually nonad- 
jacent vertices): if G is a graph with stable cutset S such that no hole of G 
contains a vertex of S, then G is k-colorable if and only if the leaves are k- 
colorable. The necessity of excluding holes that pass through S is seen by 
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considering a chordless 5-circuit C, and a stable cutset S consisting of any 
two nonadjacent vertices of C,. Then the two leaves of C, relative to S are 
2colorable but C, is not 2colorable. 
This stable cutset coloring theorem has an application to perfect graphs. 
Let a(G) denote the maximal size of a stable set of G and let o(G) denote 
the maximal size of a clique of G. Let O(G) denote the minimal number of 
cliques which cover G and let y(G) denote the minimal number of stable sets 
which cover G. A graph is perfect if y(G’) = w(G’) for every subgraph G’ of 
G (including G itself). Berge [ 1, 21 pioneered the study of perfect graphs. He 
showed that several well-known classes of graphs were perfect, in particular 
interval graphs and comparability graphs are perfect. He made two 
conjectures of much interest. The first, the Perfect Graph Theorem, proved 
by Lovisz 151, states that G is perfect if and only if its complement G is 
perfect, where the complement G = (V, 2) is defined: for distinct x, y E V, 
xAy 0 -xAy. Equivalently, the Perfect Graph Theorem says that y(G’) = 
w(G’) for all subgraphs G’ if and only if a(G’) = O(G’) for all subgraphs G’. 
The second conjecture, the (unresolved) Strong Perfect Graph Conjecture, 
states that G is perfect if and only if neither G nor G contain a hole, where a 
hole is an odd-length chordless circuit C,, + , , n > 2. See Golumbic [4] and 
Berge and Chvital [3] for more information about perfect graphs. A graph is 
critical perfect if it is not perfect but all proper subgraphs are perfect. The 
Strong Perfect Graph Conjecture is equivalent to the assertion that the only 
critical perfect are holes and their complements. A consequence of the stable 
cutset theorem proved in Section 2 is that critical perfect graphs cannot 
contain a stable cutset. 
We close this section with a lemma needed in our proof. 
LEMMA. Suppose that S is a stable set in a connected graph H such that 
H - S is connected. Then there exists a vertex x E S such that for any pair 
xi, xj E S - x, there is a chordless path P, from xi to xj with interior vertices 
(i.e., P - xi, xj) in H - S and with at most one vertex contained in N(x). 
ProojI Since H - S is connected, there exists a minimal-length tree T in 
H - S that includes (at least) one vertex of N(x,J, for each xk E S. Let J be 
a leaf in T. Then there must exist some x E S such that y is the only vertex 
of N(x) in T, for otherwise y could be deleted from T to get a shorter tree. 
Since T has only one vertex in N(x), T can be used to gain the desired 
sequence of interior vertices for paths P, between any pair xi, xj in S - x-if 
P, is not chordless, then use a subset of vertices in P,. 
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2. THE STABLE CUTSET THEOREM 
THEOREM. Let G be a graph with stable cutset S such that no hole of G 
passes through a vertex of S. Then G is k-colorable if and only if the leaves 
of G relative to S are k-colorable. 
We shall a hole in G proper (with respect to S) if it contains no vertex of 
S and call it improper otherwise. The “only if’ part of the theorem is 
immediate. Our proof of the “if’ part will be by induction on the number of 
vertices in S. Clearly the result is trivial if 1 S I= 1. Assume now that the 
theorem is true for graphs with stable cutsets of size n - 1 (n > l), and let S 
be a stable cutset of size n in a graph G whose holes are all proper. 
If there are more than two leaves of G, we can connect them one at a time. 
Moreover, we first connect leaves involving all vertices in S; then leaves 
using n - 1 or less vertices of S can be incorporated by the induction 
hypothesis. So we can assume at any moment that there are just two leaves 
G, and G, (one of which, say G,, is the resuh of all previously joined 
leaves). 
Let x be a vertex in S with the property described in the lemma when 
H = G,, and let G(x) be the graph obtained by splitting x into xi and x2 
between G, and G,. Suppose that all holes in G(x) are proper (with respect 
to S -x). Then by induction the k-colorability of G, and G, implies that 
G(x) can be k-colored. If xi and x2 have the same color, then they can be 
combined to obtain a k-coloring of G. If xi has color i and x2 has color j, 
then perform an i - j interchange at xi. If this interchange leads to a change 
in x2’s color, then there is a chordless odd-length (>5) path in G(x) from x, 
to x2 (the length is not 3 since P must contain a vertex in S -x that, by 
definition of S, cannot be adjacent to xi or xJ. But such a path would be an 
improper hole in G. Thus x2’s color is unaffected, and xi and x2 now have 
the same color and can be combined. Our theorem now follows from: 
PROPOSITION. If G is a graph with stable cutset S such that G has no 
improper holes (with respect to S) and x is a vertex as described in the 
preceding paragraph, then G(x) has no improper holes (with respect to 
S-x). 
The proof of this proposition involves some case-by-case analysis and is 
deferred to Section 3. Observe that this proposition and the argument in the 
preceding paragraph yield a simple efficient algorithm for k-colorings of G, 
and G,. We fuse together the corresponding vertices of S in G, and G, one 
at a time and, if the colors of the current pair xi, x2 being fused into x are 
not the same, use the i - j interchange of the preceding paragraph to make 
them the same color. This approach works because we can repeatedly apply 
the proposition to show that the graph obtained from G by splitting a subset 
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of vertices in S (obtained by repeated use of the lemma) has no improper 
holes. 
The following are immediate consequences: 
COROLLARY 1. Hole-free critical perfect graphs cannot contain stable 
cutsets. 
COROLLARY 2. Let G be a perfect graph with a k-vertex stable cutset S. 
For any j < k, there exists a j-vertex subset Sj of S such that if each vertex 
in Sj is split, the resulting graph is still perfect. 
3. PROOF OF PROPOSITION 
We now must prove that every hole in G(x) is proper. We shah show that 
if there is an improper hole in G(x), then there must also be an improper 
hole in G-contradicting the hypothesis of our theorem. 
Suppose that C is an improper hole in G(x). Assume that C is chosen to 
minimize the number of vertices of S on C. Since no such hole exists in G, it 
follows that the subgraph generated by the vertices in C (with x, and x2 
considered as a single vertex in G) must have a triangle(s) in G, involving x 
as shown in Fig. 1, where initially we assume that x1 lies on C and x2 forms 
a triangle(s) with an edge(s) of C. Later we consider the case where the 
triangles lie in G,. Our analysis is done in G, not G(x). Implicit in what 
follows is an assumed orientation for traversing circuits and paths. When we 
traverse a circuit K or path P in reverse orientation we write k, p. 
Suppose that a, is the first vertex along C (starting from x) that is 
adjacent to x (not including the second vertex of C). Let y be the next vertex 
of S along C after a,, and let b, be the last vertex on (a,, C, y) that is 
adjacent to x. Define D, = (x, C, a ,) and E, = (a,, C, b,). See Fig. 1. Let a1 
be the next vertex along C (after b,) that is adjacent to X. Continue in this 
fashion to define a partition of C 
FIGURE 1 
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Observe that to avoid an improper hole in G, the chordless circuits 
(x, bi- i, D,, ai, x) must be even length as must (x, D,, a,, x) and 
(x~bm~Dm+,~ x). Then each Di is of even length. Since C is odd length and 
since the Di)s are even length, then the sum of the lengths of the E;s must be 
odd. So at least one of the Ets, say E,, must have odd length. 
Let u and v be the vertices of S immediately preceding and following E, 
on C, respectively. Let P be a chordless path from u to u whose interior 
vertices are in G, - S and such that at most one vertex of P is in 
N(x+such a P exists by the lemma in Section 1 (recall that x was chosen 
according to that lemma when H = G,). Consider the circuit 
B = (u, C, U, P, u). See Fig. 2. B is chordless since the interior vertices of P 
are in G, - S. Then B must be even length or it would be an improper hole. 
If P contained a vertex w in N(x), then the chordless circuits (w, x, b,, B, w) 
and (w, x, uk, B’, W) have different partities, since B -E, is odd, and so one 
must be an improper hole. Thus P has no vertex of N(x). 
Let q be he first vertex on C (starting from x) that is adjacent to a vertex 
on P and let s be the first vertex on c’ (starting from x) adjacent to a vertex 
on P. Let ri and r2 be the first and last, respectively, vertices on P (starting 
from v) adjacent to q, and let t, and t, be the first and last, respectively, 
vertices on P adjacent to s. Define R = (rl, P, r2) and T = (t,, P, tz). See 
Fig. 2. Then if rl # rz and r, is not adjacent to rz, we can replace R by 
(r,, q, r2) in P (R must be even length or this replacement would change B 
into an improver hole; by the argument above, the new P still cannot have a 
vertex in N(x)). For the new P, R must be either a single vertex r, or ri is 
adjacent to rr. Make a similar substitution for T, if necessary. Suppose 
r, = r2. Then the two chordless circuits C, = (r,, q, C, x, uk, B’, r,) and 
C, = (ri , q, C, x, b,, B, r,) must have lengths of different parities since 
B -E, is odd-length, that is, one of C, and C, is an improper hole (note: 
when we follow c’ from q, if we encounter a bi we go from it directly to x). A 
FIGURE 2 
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similar contradiction arises if T is a single vertex. So we can assume 
R = (ri , rJ and T = (t, , t2) as shown in Fig. 2. 
Next we show that it is not possible to have ri = t,. If this were to occur, 
then we argue: if F = (q, ri, s, C, X, C. q) were odd-length, then either F is an 
improper hole or, if x forms triangular chords with F, F is a shorter 
replacement for C. If F is even-length, then F’ = (q, C, s, ri, q) is odd-length 
(since C in odd-length). To avoid being an improper hole, F’ must have 
chords from r-i. For each Di of C (see partition of C above) in (q, C, s), let ei 
and fi be the first and last vertices in Di adjacent to r,, and let El = 
(ei, C, A). By the same argument used above to show that some Ei must 
have odd-length, it follows that some Ei, say Ej, has odd-length. Then the 
chordless circuits (rl , ej fij 1 bj- 1, xqC,q,r,) and (rl,fj,Djruj,x,C,q,r,) 
have different parities (since Dj - Ej is odd-length) and one must be an 
improper hole (if j = 1 or m + 1, these circuits have to be modified slightly; 
in the former case use (x, C, s, r,) instead of (x. C, q. r,)). So r, # t, . 
Now let us redefine C as follows: 
C’ = (x, C, q, rz, P, u, C, u, P, I,, s, C, x). 
See Fig. 3. We implicitly assume here that tLoccurs before ri on P; if not, C’ 
would be (x, C, s, t,, P, U, C, U, P, r,, q, C, x). Possibly t, = r,. We claim 
that this new circuit is odd length. For suppose C’ were even length. By the 
same reasoning used above to prove that C being odd length implies that the 
sum of the lengths of the Ets is odd, it follows that C’ being even length 
implies that the sum of the lengths of the Ets along C’ would have to be 
even. Since E, has odd length, the sum of the lengths of the other Ets along 
C’ must have odd length; these other E,‘s must occur in C’ either in the 
segment (x, C, q) or (s, C, x). Then C” = (x, C, q, rl, P, t,, s, C, x) has just 
these other Ets whose sum of lengths is odd and so C” must have odd 
length, making it an improper hole in G (but not a hole in G(x)). But C” 
does not contain vertices u or u of S, and so contradicts the choice of C as 
FIGURE 3 
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FIGURE 4 
the improper hole in G with the fewest number of vertices of S. It follows 
that C’ is odd-length. 
Since C’ is odd-length, then one of C, and C, must be an improper hole, 
where C, = (t2, P, ri, C’, t,, tJ and C, = (t2, P, r,, q, c”, x, c”, s, tJ. See 
Fig. 3. This completes the proof that if G(x) has a hole, then G would have a 
hoie, under the assumption that the chords between x and edges of C occur 
in G,. 
Next we consider the situation when the chords between x and edges of C 
occur in G,. See Fig. 4. Let C be partitioned as before, and let E, have odd 
length with U, V, and P then defined as before. The problem in his new 
situation is that we can no longer assume that P, now in G,, would not have 
several vertices adjacent to x. 
Indeed, we can assume that x is adjacent to at least two vertices of P or 
else the previous argument still applies. Let us use the lemma to form a path 
P’ in G, from u to u that has at most one vertex adjacent to x. Let P’ be 
chosen so that the number of vertices in P’ - C is minimized. Clearly 
(u, P, U, P’, U) must be even-length or we are finished. Since (v, P, u, C, u) is 
also even-length, it follows that (u, P’, v) and (u, C, v) have the same parity. 
Then (x, C, U, P’, U, C, x) is odd-length. This circuit will be an improper hole 
(or contain an improper hole, if x is adjacent to a vertex of P’) unless some 
interior vertex w on (v, C, x) or (x, C, U) is adjacent to an interior vertex of 
P’. Possibly P’ intersects C. By symmetry, assume w is on (0, C, x); for 
future purposes we let w be the last vertex on (v, C, x) adjacent to P’. It 
follows that C. must contain at least one other vertex of S besides u and v 
since w lies in G,. From that fact, it follows in turn that x is adjacent to 
exactly two consecutive vertices of P-we know x is adjacent to at least two 
vertices of P and if there existed two nonconsecutive such vertices y, z, then 
C’ = (x, z, P, u, C, Y, P, y, x) would be a replacement for C that contains just 
U, u in S (C’ must be odd-length or it would have an improper hole with the 
triangle (x, uk, bJ). Let y and z be the two consecutive vertices on P to 
which x is adjacent as shown in Fig. 4. In addition, we now see that x cannot 
be adjacent to one vertex, call it p, on P’ (one is the maximum possible), for 
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FIGURE 5 
then (x, p, P’, U, P, y, x) or (x, p, PC’, U, p, z, x) would be an improper hole. 
It is important to remember that there are no chords between vertices on C 
except at x. 
Let r2 be the last vertex on P’ (starting from U) adjacent to a vertex on 
(u, C, ak). Let q be the first vertex on (u, C, a,J adjacent to r,(possibly q = u 
and r2 is the next vertex on C after u). Let rl be the first vertex on P’ 
adjacent to q (see Fig. 5). If q = U, r, is undefined and if q is any other vertex 
on P’ n C, set r, = r2. Observe that q # U, for otherwise we can replace 
(x, p) by (x, akr C, q) in the previous argument showing that x cannot be 
adjacent to a vertex in P’. We now claim that rl is adjacent to r2 and r, is 
also on C, for otherwise (u, C, q, r2, P’, v) is a replacement for P’ with fewer 
vertices not on C. If there is another vertex q’ on (q, C, a& adjacent to rz, 
then again (x, ak, C, q’) is a substitute for (x, p) in the argument just cited. 
Thus q is the only vertex on (q, C, aJ adjacent to P’. This same construction 
can be applied on P’ starting from u to obtain t, and t, on P’ and s on C 
such that t, is on C and is adjacent to t,, while s is adjacent to (just) t, and 
t, on P’ and s is the only vertex on (bk, C, s) adjacent to P’ (possibly 
s = b,J. See Fig. 5. Observe that while it is theoretically possible that r2 = t, , 
it is impossible for rI = t1 (and implicitly, rz = t2) since rr is on C and t, is 
not. 
Consider the circuit C* = (q, r2, P’, t,, s, 6, q). C* may have chords 
between (rz, P’, tl) and interior vertices on (a,, C, bk). We claim that C* is 
even-length, for if C* is odd-length, then chordless circuits 
(u, C, rl, q, c*, s, t,, C, v, P, u) and (u, C, r,, r2, C*, t,, t,, C, v, P, u) have 
different parities and so one is an improper hole. Now we can show that 
a,Ab,, for otherwise (x, akr C*, b,, x) is an improper hole. It now follows 
that C* is chordless. 
Now we turn our attention to w, the last vertex on (v, C, x) adjacent to an 
interior vertex of P’. Since C is chordless, w can only be adjacent to a vertex 
on P’ - C, i.e., on (r2, C*, tl). Let h, and h, be the first and last vertices on 
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(r2, C*, t,) adjacent to w (possibly h, = hJ. Let W be a chordless path 
along C to x- either W = (w, C, x) or if there is a (first) ai on (w, C, x), 
then W = (w, C, ai, x). Note that w is the only vertex on W adjacent to P’. If 
(h, , C*, h2) is even-length, then the chordless circuits (x, l@, w, h, , 
C*, uk, x) and (x, l@, w, h,, C*, b,, x) have different parities and one is an 
improper hole. So (h,, C*, h2) is odd-length. If not hiAh,, then either 
(w, h,, C*, h,, w) is an improper hole if w E S, or (h,, w. h,) can be 
substituted for (h,, C*, h2) in P’ to obtain a shorter P’ - C-contradicting 
the choice of P’. Thus we conclude hiAh,. See Fig. 5. 
Next we claim that there must also exist a last vertex w’ on (u, C, X) 
adjacent to an interior vertex of P’-if not, let W* = (x, w, w, h,, cc*, r2) 
and then since D, = (x, b,-, , C, ak, x) is even the two circuits 
(x, W*, r2, q, C, uk, x) and (x, W*, rz, r,, C, b,-, , X) have different parities 
and one is an improper hole (if k = 1, b,- i =x). Let h’, and h; be the first 
and last vertices of P’ adjacent to w’ and let W’ be a chordless path from w’ 
along C to x. By the previous argument we have that h;Ah;. We wish to 
show that h, = hi (and implicitly, h, = hi). Suppose hi comes after h, on 
(r,, C*, t,); possibly h, = hi. Then assuming W” = (x, I?“, w’, hi, ?*, 
uk, x) is even-length (to avoid an improper hole), the two circuits 
(x, I?, w, h, , W”, x) and (x, W, w, h, , F?“, x) have different parities and one 
must be an improper hole. A similar problem arises if h, comes after hi. 
Thus h,=h;. 
Let k be the first vertex after w’ on (w’, C, U) adjacent to a vertex of 
(r,, C*, t,) other than h, and h,. If no such k exists, then let w* be the last 
vertex on (w’, C, U) adjacent to h, (possibly w’ = w*) and let W” = 
(w*, C, s, C*, h,, w*) be even (to avoid being an improper hole), and now 
the two circuits (h2, w, W, x, akr @, h2) and (h,, w, W, x, b,, W”, h2) have 
different parities and so one must be an improper hole (note: if x is adjacent 
to a vertex on (w’, C, u), then replace W” by D, and start the circuits 
(x, I@‘, w’, h,, C*, r2) followed by (q, D,,x) or (r,, fik,x)). Thus k exists. 
Letj, andj, be the first and last vertices on (r2, C*, ti) adjacent to k. Ifj, is 
before h, and j, is after h, on (rz, C*, t,), then we could replace (j,, P’, j,) 
by (j,, k, j,) to get a shorter P’. If k were in S, a little more work is 
necessary-first note that (j, , C*, j,) must be even to avoid the improper 
hole (k, j2, C*, j,, k); then (x, w, w’, C, k) followed by (j,, C*, ak, x) or 
(j2, C*, b,, x) is an improper hole. We conclude that either j, equals or 
comes before h, or that j, equals or comes after h, . Assume the latter (a 
similar argument holds in the former case). See Fig. 5. 
Now consider the circuit C** = (w”, C, k, jz, C*, h,, w”), where w” is the 
last vertex on (w, C, k) adjacent to h,; possibly w” = k or =w’. If C** is 
odd-length, then C * * cannot contain an vertex of S (or it is improper) and 
so C** cannot have any adjacencies with P. Now the two circuits (v, P, u, 
C, r,, r2, C**, t,, t,, C, tl) and (u, P, u, C, r,, q, c**, s, t,, C. u) have 
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different partities and one must be an improper hole. If C** is even-length. 
then one of (x, @, w, h, , C**, b,,x) or (x. @, w, h,, c**, a,,~) is a hole. 
This completes the proof of the proposition. 
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